Abstract. We discuss the Bousfield localization L E X for any spectrum E and any HR-module X , where R is a ring with unit. Due to the splitting property of HR-modules, it is enough to study localizations of Eilenberg-MacLane spectra. Using general results about stable localizations, we give a method to compute the localization L E HG for any spectrum E
Introduction
Given any spectrum E, a homological localization functor with respect to E is an idempotent functor L E : H o s −→ H o s , where H o s is the stable homotopy category, that turns E-homology equivalences into homotopy equivalences in a universal way.
In [4] , Bousfield determined the homological localizations of connective spectra with respect to connective homology theories. (A spectrum X is connective if π k (X ) = 0 for k < 0.) If either E or X fail to be connective, then L E X can be rather complicated. For example, the spectrum L K S, where K denotes complex K-theory and S is the sphere spectrum, has infinitely many nonzero homotopy groups in both positive and negative dimensions (see [10, Theorem 8.10] or [7, Corollary 5 .15]). As another important step, Bousfield described in [5] the homological localizations of Eilenberg-MacLane spaces with respect to any spectrum E, by studying the E-acyclicity properties of K(Z/p , n) spaces.
In [7] , we presented a general study of f -localizations of H R-module spectra, where R is any ring with unit, and discussed the preservation of several algebraic structures under the effect of f -localizations. In this paper, we restrict our attention to homological localizations (which are special cases of f -localizations) in order to obtain more explicit results. In fact, we translate to spectra some of the results of Bousfield in [5] , by using ideas from [7] to simplify the arguments.
The main ingredient in this article is the observation that, for any ring spectrum A and any spectrum E, the class of A-modules that are E-acyclic coincides with the class of A-modules that are (E ∧ A)-acyclic. From this fact we deduce that the localization of an H R-module
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with respect to any homology theory E is determined by its localization with respect to a Moore spectrum MG with G = k∈Z H k (E; Z). In the article we write (H Z) k (E) instead of H k (E; Z) for consistency.
We study L E X where E is any spectrum (not necessarily connective) and X is any H R-module spectrum for a ring R with unit. Since all H R-modules split as wedges of suspensions of Eilenberg-MacLane spectra, we focus on the study of L E H G for any spectrum E and any abelian group G. We describe all possible homological localizations in the case of finitely generated abelian groups and other groups, including the p -adic integers, the Prüfer groups Z/p ∞ , and subrings of the rationals.
For example, in the case of the spectrum H Z, by the general approach of [7] we know that each of its localizations has at most one nonzero homotopy group and that this group has the structure of a rigid ring in the sense of [8] . We prove that, for homological localizations of H Z, the only rigid rings that appear are subrings of the rationals or products of p -adic integers for different primes.
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Homological localization of spectra
We will work in the stable homotopy category of spectra H o s (see [1] ). Each spectrum E in H o s gives rise to a homology theory defined as E k (X ) = π k (E ∧ X ) for any spectrum X and any k ∈ Z.
A map of spectra f : X −→ Y is an E-equivalence if the induced map
where F(X , Y) denotes the function spectrum from X to Y. Thus there are no nontrivial maps from an E-acyclic spectrum to an E-local spectrum.
An E-localization of a spectrum X is a map l X : X −→ L E X , where L E X is an E-local spectrum and l X is an E-equivalence. Homological localization is universal in the following sense: the localization map l X is initial among maps from X to E-local spectra and it is terminal among all E-equivalences with domain X .
The class of all the E-acyclic spectra for a given spectrum E is denoted by E and called the Bousfield class or the acyclicity class of E. Given two spectra E and F, the E-localization functor and the F-localization functor are equivalent, i.e., L E X L F X for every spectrum X , if and only if E = F . By Ohkawa's theorem, there is only a set (not a proper class) of Bousfield classes [9] , and therefore a set of non-equivalent homological localization functors.
The set of Bousfield classes is a lattice, with a partial order given by reverse inclusion [3] . There are two operations in this lattice ∨ and ∧ defined by the wedge sum and the smash product,
The class X ∨ Y is the least upper bound of X and Y , and the class X ∧ Y is a lower bound of X and Y .
Acyclicity patterns and localization of HR-modules
In this paper, R will always denote an associative ring with unit. A spectrum E is called a stable R-GEM if it is homotopy equivalent to a wedge of suspensions of EilenbergMacLane spectra, i.e., E k∈Z Σ k H A k , where each A k is an R-module. If R = Z, then stable Z-GEMs are called stable GEMs.
The stable R-GEMs are precisely the spectra that admit a module structure over the ring spectrum H R (see for example [7, Proposition 4.4] ). Note that every H R-module is an H Z-module via the morphism Z → R that sends the unit of Z to the unit of the ring R.
In this section we study how the E-acyclicity patterns of H Q and H Z/p determine the localization L E X for any spectrum E and any H R-module spectrum X .
An abelian group G is called uniquely p -divisible if for every g ∈ G there exists a unique h ∈ G such that g = ph. This condition is equivalent to saying that Z/p ⊗ G = 0 and Tor(Z/p , G) = 0. Lemma 3.1. For any spectrum E, the group (H Z) k (E) is uniquely p -divisible for all k ∈ Z if and only if H Z/p is E-acyclic, and (H Z) k (E) is a torsion group for all k ∈ Z if and only if H Q is E-acyclic.
Proof. The result follows using the exact sequence
for every k ∈ Z, by taking G = Z/p and G = Q.
Proposition 3.2. Let A be any ring spectrum and E any spectrum. If X is an
where F is the fiber of the localization map l X and β is the structure map of X as an
Therefore, there exists a map α : A ∧ F −→ F such that the square commutes up to homotopy (α is, in fact, unique up to homotopy, since A ∧ F is (E ∧ A)-acyclic). This map endows F with an A-module structure. We omit the details, since we are not going to use this fact, but only the fact that F is a retract of A ∧ F. This is checked as follows. Let η : S −→ A be the unit of the ring spectrum A and ζ : S ∧ (−)
It follows that
Thus, F is E-acyclic and the localization map X −→ L E∧A X is an E-equivalence. Since L E∧A X is E-local, we infer that L E X L E∧A X . Proposition 3.3. Let E be any spectrum and let G be the group k∈Z (H Z) k (E). Then L E∧H Z X L HG X for every spectrum X . Proof. We have that
because X = Σ k X for every k ∈ Z and every spectrum X , and because of the splitting property of E ∧ H Z as an H Z-module.
The localization L HG X when X is an H R-module is now easy to compute because any H R-module is an H Z-module and hence H Z-local, so applying [4, Proposition 2.11] in the case E = H Z we have the following. For an abelian group G, let MG denote a Moore spectrum associated to G.
Proposition 3.4. Let G be an abelian group and R a ring. Then L HG X L M G X for every H R-module spectrum X .
Recall from [4] . Thus, to describe L E X for any spectrum E and any H R-module X it is enough to know the type of acyclicity of the group k∈Z (H Z) k (E). Observe that every abelian group G has the same type of acyclicity as p ∈P Z/p or Z P for some set of primes P, where Z P denotes the ring of the integers localized at P. The set P contains precisely all the primes p such that G is not uniquely p -divisible.
Theorem 3.5. Let E be any spectrum, R any ring and X any H R-module. Let P be the set of primes such that
Proof. It follows from Proposition 3.2, Proposition 3.3 and Proposition 3.4 that L E X L M G X , where G = k∈Z (H Z) k (E). Let P denote the set of primes p such that H Z/p is not E-acyclic. By Lemma 3.1, we have that E ∧ H Z/p = 0 if and only if (H Z) k (E) is uniquely p -divisible for every k ∈ Z. If H Q is E-acyclic, then again by Lemma 3.1 the group G is torsion, so it has the same type of acyclicity as p ∈P Z/p . If H Q is not E-acyclic, then G is not a torsion group and therefore it has the same type of acyclicity as G = Z P .
Localizations of Eilenberg-MacLane spectra
In the study of homological localizations of H R-module spectra, we can focus our attention on the particular case of homological localizations of Eilenberg-MacLane spectra L E H G, due to the splitting property of H R-modules and the following observation.
Proposition 4.1. Let E be any spectrum and {A k } k∈Z a collection of abelian groups. Then
is a homotopy equivalence, as a consequence of [7, Theorem 5.6] , stating that, for each value of k, at most two nonzero homotopy groups appear in L E H A k . Now, the map
is an E-equivalence, since it is a wedge of E-equivalences.
Thus, by applying Theorem 3.5 we can explicitly describe how to compute homological localizations of Eilenberg-MacLane spectra.
Corollary 4.2. Let E be any spectrum and G any abelian group. Let P be the set of primes
where
Some examples
In this section, we compute homological localizations of Eilenberg-MacLane spectra in some concrete examples. First, we compute L E X for some non-connective spectra E and any H R-module spectrum X.
Localization with respect to K(n), E(n) and complex K-theory
For n ≥ 0 and p a fixed prime, let K(n) be the spectrum of the n-th Morava K-theory at p and E(n) the Johnson-Wilson spectrum at p . Let K denote the complex K-theory spectrum.
Proposition 5.1. For any H R-module spectrum X , its localization with respect to
Proof. The result follows from Corollary 4.2. In the case of K-theory, for every prime q, the spectrum K is H Z/q-acyclic [2] and K ∧ M Q = 0. Note that, in fact, M Q H Q.
In the case of a Johnson-Wilson spectrum, the Bousfield class of E(n) splits as a wedge of Morava K-theories, E(n) = K(0) ∨ . . . ∨ K(n) , and if n ≥ 1, then K(n) ∧ H Q = 0 and H Z/q is K(n)-acyclic for every prime q (see for example [10, Theorem 2.1]). Finally, if n = 0, then E(0) = K(0) = H Q .
Next, we use Corollary 4.2 to compute all the possible homological localizations of H G with respect to any E for some families of abelian groups. Given any spectrum E and any abelian group G, the following acyclicity patterns determine the localization L E H G completely. Note that if E ∧ H Q = 0 and E ∧ H Z/p = 0 for all primes p , then L E H G = 0 for every abelian group G.
• Pattern I: E ∧ H Q = 0 and E ∧ H Z/p = 0 for all primes p .
• Pattern II: E ∧ H Q = 0 and E ∧ H Z/p = 0 for all p in a nonempty set of primes P.
• Pattern III: E ∧ H Q = 0 and E ∧ H Z/p = 0 for all p in a nonempty set of primes P.
These patterns are the stable analogues of Condition I and Condition II of [5, Section 4] . By Corollary 4.2, L E H G is the rationalization of H G under Pattern I; it is localization at P under Pattern II; and it is Ext-P-completion (see [6, Ch. VI, §2] for details) under Pattern III.
The following table summarizes the results in a number of examples. In the table the set P corresponds to the set of primes p such that H Z/p is not E-acyclic. In the columns entitled Pattern II and Pattern III, whenever two values are specified, the first value corresponds to the case q ∈ P.
In [7, Theorem 5 .12] we proved that every f -localization of the spectrum H Z has at most one nonzero homotopy group, which acquires the structure of a rigid ring in the sense of [8] . A ring A with unit is rigid if evaluation at 1 induces an isomorphism of abelian groups Hom(A, A) ∼ = A. In the special case of homological localizations we get the following: 
Localizations of HG where G is a divisible abelian group
If G is a divisible abelian group, then G ∼ = R⊕T , where
The localization L E H T can be determined using the exact sequence of abelian groups
and the fact that homological localizations preserve cofiber sequences.
Localization of reduced Eilenberg-MacLane spectra
In all the examples we have studied, except in the case of H Z/p ∞ , all the homological localizations of H G have at most one nonzero homotopy group in dimension zero. This property also holds when the group G is reduced. An abelian group is reduced if it does not have nontrivial divisible subgroups. We say that the Eilenberg-MacLane spectrum H G is reduced if the group G is reduced. 
